ANALYTICAL FUNCTIONS



**Definition of Analytical Function
*¢Cauchy Riemann Equations
**Properties of analytical functions

s Determination of Harmonic Conjugate
**Milne-Thomson’s method

s Conformal mappings : 1/z, az, az+b .

*»*Bilinear Transformation



A Single valued function f(z) is said to be analytic at a point z, ,if

it has a derivative at z, and at every point in some neighbourhood of z, .

Note :

If it is analytical at every point in a region R, then it is said to be

analytic in the region R.



Statement:-

If f(z) =u(x,y)+i v(x,y) is analyticin a region R
of the z-plane then

i) u,, u, v,, Vv, exist and

i) u, =v,and u, =-v, atevery pointin that region.



Proof:-
Let f(z) = u(x,y) +i v(x,y)

We first assume f(z) is analytic in a region R. Then by the
definition, f(z) has a derivative f’'(z) everywhere in R.
Now

£(2) = lim flz+4z) — f(2)

Az—0 Az




Let z = x+iy
Az =Ax + 1Ay
- (z+4z) = (x+Ax) +i (y+4y)

S F(Z+AZ) =Uu(X+AX, Y+AY) + IV(X+AX, Y+AY)

We know that, f(z) = u(x,y) + i v(x,y)

Now

f'(2)
S [u(x+Ax,y + Ay) + iv(x + Ax, y + Ay)] —[ulx,y) + ivix, y)]
- (ﬂx+§rﬂ1;f]—+0 Ax + iy




Case (i) :- If Az—=>0, first we assume that Ay=0 and Ax—->0

e [u(x +Ax,y) +ivix+ Ax,yv)] — [ulx,y) + i v(x,y)]
f'(z)= lim =

i [u(x + Ax, ) — ulx, )] +i[v(x + Ax,y) —v(x, )]

Ax—0 Ax
_ i BEEALY) —ulxy)] | L L [t Any) — vixy)]
_ﬂ.x—m Ax Aax—0D Ax
_ou .ov
— e _|_ I o
OX OX
f'(z)=utiv, ---—-—-- —>(1)



Case (ii) :- If Az—>0, now we assume Ax=0 and Ay—0

f(2) = lim [ulx,y +Ay) +ivix,y +Ay)] —[ulx,y) + i v(x,y)]
Ay—0 tAy

[ulx,y +Ay) — ulx, )] + i [vlxy + Ay) —v(x, )]

= lim

Ay—0 Ay
oy +Ay) —ulxy)] | . o [y +Ay) — vix,y)]
= lim - + © lim :
Ay -0 tAy Ay—0 iy
lou ov
= ——+ —
1oy oy

f'(z) =-iu+v, - —(2) (since 1/i = -i)



from (1) & (2), we get
u,+iv, _-iu+v,

Equating real and imaginary parts weget,

u,=v, and u, =-v,

The above equations are called Cauchy-Riemann equations (or)

C-R Equations .

Therefore the function f(z) to be analytic at the point z, it is
necessary that the four partial derivatives u, , u, v, v, should exist

and satisfy the C-R equations.



Statement:- The singled valued continuous function f(z)=u+iv

is analytic in a region R of the z-plane, if the four partial derivatives
u,, u,, v, Vv, (i) exist, (iij) continuous , (iii) they satisfy the C-R
equations u, = vy and u, =-v, atevery point of R.

X

Note:- All polynomials, trigonometric, exponential functions are

continuous.



Statement:- If f(z) = u(r,0) +i v(r,0) is differential ar z = re!® , then

ou (1j8v (1)
— == =u=|=|v
or r 06 r r)°

oV (1j6u (1)
== =v==|=1u
or r )o@ “ r )’

Proof:- Letz =rel®

and f(z) = u+iv

i.e., u+iv="f(re®) (1)



Differentiating partially w.r.t. 'r* weget,

ou . oV _ _
—+1— = f'(re”)e” >
el (re”) (2)

Differentiating partially w.r.t. 0" weget,

i = (e (re) ()
=(ri) f'(re”)(e")
~ (MBL: +i \r/} ( from eqn. (2))



Equating real and imaginary parts in egn. (3) , weget,

ou oV ov _ou
—=—r— and —=r—
ole or o0 or

le,u =—rv and v, =ru

(or) Vr:(_rlj u and u :ije




1) Show that f(z) = z3 is analytic.

Proof:- Given f(z) =23 =(x+iy)3 =x3+ 3 x?(iy) + 3x(iy)? + (iy)3
= (x3-3xy2) +i(3x2y—y3)
We know that f(z) = u+iv

u=x —-3xy> , v=3xy-y
a—u:3x2—3y2 , @:6xy
X OX
a—u=—6xy , @:SXZ -3y’
y oy



from the above equations weget,
u=v and u =-v,
.. C—R equations are satisfied.

Here u,, Uy, Vy, Vy exists and continuous.
Hence the given function f(z) is analytic.

2) Examine the analyticity of the following functions and find its
derivatives. :
1) f(z)=¢
1) f(z)=cosz
i) f(z) =sinhz



i) Solution:-

f(z)=e'=e"" =¢ee” = e(cosy+isiny)

Here u=e'cosy and v=e'siny
U =e‘cosy V=e'siny

y

u=-esiny V =ge"Ccosy
u=v and Uu=-v

= C —R equationsare satisfied.
= f(z) is analytic everywhere in the complex plane.



Now f'(z) =u +1v,
=e'cosy +1e'siny
=e" (cosy +isiny)
=e* e”
— @*™V

:ez



i) Solution:-

f(z) = cosz
= COS(X +1y)
= c0S X cos(ly) — sin x sin(iy)
= cosx coshy —Isinxsinhy (Qcos(ix)=cosh X
sin(ix)=1sinh x)
U = cosxcoshy V==sinxsinhy
U =-sinxcoshy V =—Ccosxsinhy
u =cosxsinhy V =-sinxcoshy
= u,=v and u =-v



.. C—R equations satisfied
= It 1s analytic

Also f'(z)=u+iv
= (—sinx cosh y) + i(—cosxsinh y)
= —sIin x cosly + I(—Cos X G)Sin(i)’))
= —sin x cos(iy) - cos x sin(iy)

= —[sin(x+iy)]
=—SInz



iii) Solution:-

f@)zSMhz:%SMGn

= —i(sini(x+1y))
= —1(sIn(ix) cosy — cos(ix) siny)
= —1(Isinh x cosy — cosh x sin y)
=sinh x cosy + 1 cosh x siny
u=sinhxcosy , Vv=coshxsiny
u =coshxcosy , Vv =sinhxsiny
u =-sinhxsiny , v =coshxcosy
= u =v and U =-Vv



C — R equations are satisfied
= f(z) Is analytic.

Now f'(z)=u+iv
= (coshx cosy) +i (sinhx sin y)

= (cos(ix) cosy) + i((ﬂsin(ix) sin yj

= cos(Ix—VY)

=cosi(x+iy) (Q(1/i)=-i)
=C0S 12
= cosh z



Examine the analyticity of the following functions and find its
derivatives.

1) f(z)=e"(cosy +isiny)

1) f(z)=e*(cosy —isiny)

1) f(z) =sinxcoshy +1 cosxsinhy



3) Show that the function f(z)=./xy| is not regular (analytic)

at the origin, although C — R equations are satisfied
at theorigin.

Solution ; —

Given f(z)=1/xy|

Hence u=,/xy] and v=0

Now, u = ou - "mU(X+AX, y) — u(x,y)

ax AX—0 AX




u(Ax,0)-u(0,0) _

u (0,0)=Ilim 0
X( ) Ax—0 AX
lly  u (0,0)=0
v.(0,0) = 0
v.(0,0) =0

= Uu, =V, and u, =-v_atthe origin.

C — R equations are satisfied at the origin.



f(0+Az) — f(2)

But f'(0)=Ilim
( ) Az—0 AZ
: AXAY| -0
= lim Axdy
(Ax+iAy)—0 AZ

Along the curve y = mx

£/(0) = lim Jmiax®_ Jm

armma AX ( 1+|m) 1+im

The limit iIs not unique, since it depends on 'm".
f(0) does not exist.
Hence f(z) is not regular at the origin.



1) Check for analyticity of logz

(or) Show that f(z) = logz is analytic everywhere except at the origin
and find its derivatives.

Solution:-

f(z) =logz
=log(re”) @Qz=re")
= logr+loge"”
=logr+ 16

wkt. f(z)=u+iv
Here u=logr and v=¢6



u,u,v.,v, exist, are continuous and satisfy C-R equations

u, G jve and v, = — G jug everywhere except at r=0 (i.e.) z=0.

f (z) is analytic everywhere except at z=0.



2) Prove that f(z) = z" is analytic function and find its derivatives.

Proof:-

f(z)=2z"= (re")"

=r'e
=r" [cosn@+isinnd]

U=r"cosnd Vv =r"cosnd
u=nr—cosnd ; Vv =nr"sinnd
ué =—-nr'"sinn@d : Vv, =nr"cosnd

= u =|—-|v, and VvV =-|—|u,
r r



Thusu_,u, Vv, Vv, exist,are continuous and
satisfy C — R equations everywhere.
~. T(z) 1s analytic.

Also  '(z) = (“r = Vrj

e

(nr"*cosné) + i (nr"*sinno)
ei@

nr'*[cosn@+isinnd|

i0




In Cartesian form :

o’¢ ' _
OX® oy’
i.e.,, Vg =0

In Polar form:

O ¢ 1op 1
or? r Or r: 06°




A real valued function of two real variables xandy is
said to be harmonic, if

u u u. . exist

i) The second order partial derivatives u,, , u, ,u, ,u,

and they are continuous.
and
o‘u ou
2 + 2
ox~ oy

ii) The Laplace equation — ( satisfies.

If u+ivis an analytic function of z then v is called a conjugate
harmonic function of u; (or) uis called a conjugate harmonic
function of v; (or) u and v are called conjugate harmonic functions.



Property (1) :- The real and imaginary parts of an analytic function

f(z) = u+iv satisfy the Laplace equation (or) real part “u” and
imaginary part “v” of an analytic function f(z) = u+iv are harmonic

functions.
Proof:-
Given f(z) = u+iv is an analytic function.

l.e., u and v are continuous, u, ,u, ,V, , v, are exist and they

» Yy 1 Vx

satisfy the C-R equations u, = v

X

> (1) > (2)

y and u, = -v




Diff . eqn.(1) partially w.r.t. x, weget,

uX:va—>(3)

X

Diff . eqn.(2) partially w.r.t. y, weget,

u =-v, —(4)

yy

Adding (3) & (4) weget,

u,+u,=v, -v =0 [Qv, =v,
.. U satisfies Laplace equation.
Hence u Is a Harmonic function.



Now ,

Note:-

Diff . egn.(1) partially w.rt. y, weget,

u,=v, —(5)

X

Diff. eqn.(2) partially w.r.t. x, weget,

u =-v_, —(6)

yX -
subracting (5) & (6) weget,
V, +Vv,=u —-u =0 |Qu =u|
. v satisfies Laplace equation.
Hence v IS a Harmonic function.
Thus u and v are harmonic functions.

The converse of the above result need not be true.



Try It
Prove that the real and imaginary parts of an analytic

function f(z) = u(r,8) +i v(r, 8) satisfy the Laplace equation in polar
coordinates.

l.e., To prove that

el
u +( = |u +| = |u
rr r r r_2 00

and

ol
V_ o+ = |V +| = |V
rr r r r2 00



Two curves are said to be orthogonal to each other then they
intersect at right angles. [ product of slopes m;m, =-1]

If f(z) = u+ivis an analytic function then the family of curves

u(x,y) = a and v(x,y) =b (where a&b are constants) cut each
other orthogonally.

Proof:-
Given:u(x,y)=a and v(x,y)=D
Taking differentials on both sides, weget,
du=0



—> a—udx+8—udy:O

OX oy

ﬂ — _ux — m1
dXx u

y

lHly v(Xx,y) =b
o ov - ov dy _ 0
OX oy dx
dy _ v
dx \Y;

y

X :m

2




Product of slopes, m, m, = [ 4 ][—ij

y

_(Fu)(u,) {Q U, =V, }
(u,)(u,)

=

Hence the two curves in egns. (3) & (4) are orthogonal curves.



An analytic function with constant modulus is
constant.

Proof:-

Let f(z) = u+iv beananalytic function

S (2) = U4V

Given: [f(z)/=c

e, Ju> +Vv:i=c¢

= u+vi=c" > (1)



Diff . eqn.(1) partially w.r.t. x, weget,

2uu, +2w =0 = |uu, +w =0|—>(2)

Diff . egn.(1) partially w.rt. y, weget,

2uu, +2w =0 = |uu +w =0|—(3)

Since f(z) iIs analytic, it satisfies C — R equations
le,u =v, and u =-v,

(2)= uu, +v(-u)=0 = uu -vu =0
B)= uu +v(u)=0 = uu +vu =0



Squaring and adding the above equations, weget,

(uu, —vu, )"+ (uu, +vu ) =0

= u’u, +V°u, —2uvuu, +uu; +vou +2uvuu =0
= wlw+ul|+ v [u+ui] =0

= (U*+v*) (W +u?) =0

But u* +v* =c*#0 (fromeqgn. (1))

u; +u, =0 — (4)




Since
f(z)=u+iv
f'(z)=u +1v,
=u —1u (byC-Reqgns)

L F@) = Ju? +u?
= [f'@)f =u +u
=0 (from (4))
= f'(2)=0
= f(z) Is a constant
An analytic function with constant modulus Is constant.



Result :- (2) If f(z) = u+iv is aregular function of z = x+iy then

V[ f@] =4|f'@)

Proof : —

2

0 0 2 N
ot -ara
y

To prove that (

OX
Let f(z)=u+1iv
f(z)=u-1iv

f(z) f(z)=(u+iv)(u—iv) = u® + v

) =u +Vv°




Now,

o° 0 2 © 0
f = 2 2

o, o, 0 ,, o, .,
= W)+ S (V)+ () + (V)
OX OX oy oy
- (1)
Now, consider, g(u2)=2uux
OX

¢ -(u?*) = g(Zuux) = 2uu_ + 2u’
OX OX
82

1y ~(u*) =2uu +2u;
)



o°u’ . o°u’

o oy =2u(u,+u, ) +2(ul +u’)

. 2[u(0) U ] {Q f(z)is analytic}

u Is harmonic
f(z)i lytic,
. 2[uf . (—vX)Z] Q f(z) is analy |c_ |
— C — R egns. satisfied
=2[u? +v! |
o (Q f'(z)=u, +iv

=2|f'(2) , -~

= | f'(2)| = Ju: +V;



ov:  O°V°
_|_

1 =
y ox* oy’

2|f'(2)f

62 52 5 > , 2 ’ »
(D:%€%+aw]fg)—2f(n +2|f'(2)

=4|f'(z)]

Thus proved



1) If f(z)=e"(cosy +1siny) is analytic function
prove that u,v are harmonic functions.
Solutions : —

To prove that u and v are Harmonic functions

le, T.PT. u +u =0and v _+v =0

Here u =e* cosy Vv =esiny
U ==e"cosy v =e"siny
u =e"cosy v =e"siny

u=-esiny v =e'cosy

u =-e cosy Vv, =-e'siny



u, +u =-e cosy—-e cosy=0
and v, _+v =¢e'siny—-e'siny=0

. Both u & v satisfies Laplace equation

Hence u & v are Harmonic functions.



Milne-Thomson method :-

To find the analytic function f(z):

i) when u(x,y)isgiven (i.e., real partis given)

f(z) =[uy(z,00dz—1 fuy(z,00dz

ii) when v(x,y ) is given (i.e., Imaginary part is given)

f(z) =[vy(z,00dz +1 [v,(z,0)0z




Method to find out the Harmonic conjugate:

Let f(z) =u+iv bean analytic function.

Given: u(x,y)

V= [-U,dx + [u,dy
J J

treating y Integrating the terms
as constant independent of x




1) If u(x,y) = x? + y?,find v(x,y) and Hence find f(z).

Solution: —

Given:u = x* -y’
= u=2x, u =-2y

y

we know that,

V= [-Uydx + [U,dy
U U

treating y Integrating the terms
as constant independent of x




V=[—(-2y)dx + [ 2xdy

lInd integral is zero since
=2xy + 0 ( - j

there is no term indep. of "x"

= V=2Xy

f(z)=u +1v

= f(z) =(x"—y*) +i(2xy)
= X* +1° y* +2x(iy)
= (x+iy)

f(z)=2°




1) Find f(z), when u(x,y) = x> + y? .
(same example, using Milne-Thomson method, finding f(z) )

Solution: —

Given:u = x* -y’
= u =2x, u =-2y

y

u(z,0)=2z, u(z,0)=0

By Milne-Thomson method ,

f(z)=[uy(z,00dz -1 juy(z,O)dz
= [2zdz —1]0 dz

f(z)=2°




2) Show that the function u(x,y ) = sinx coshy is harmonic.

Find its harmonic conjugate v(x,y ) and the analytic function
f(z)=u+iv.
Solution : —

Glven: u=sinxcoshy

U = COSX coshy u, =sinxsinhy
u_=-sinxcoshy u, =sinxcoshy
u, +u, =0

= U IS harmonic.



To find v(Xx,y):—
we know that, V = j—uydx + Ju, dy

treating y Integrating the terms
as constant independent of x

..V = [(sinx sinhy) dx + [(cosx coshy) dy

=—gsinhy fsinx dx+ 0 {

since no term is
independent of x

= —sinhy (—cosXx)

V =cosx sinhy




Now,
f(z) =u+iv=sinxcoshy +1cosxsinhy

= sin X cos(ly) + | cosx( i

sin(iy)j

= sin x cos(ly) + cos x sin(iy)

= SIn(X +1y)
=Sinz

f(z) =sinz




3) Construct analytic function f(z) of which imaginary part

v(x,y) = - 2sinx (e¥ - eV).
Solution : —

Given:  v(x,y)=-2sinx(e'—e”)
e, v=—4sinxsinhy [Qe’ —e” =2sinhy]

V. =—-4cosxsinhy , v =-4sinxcoshy
v(z,0) =0 , v(z,0) = —4sinz

f(z)=Jv (z,0)dz +1]v(z,0)dz
= [—4sInz dz

= f(z) =4cosz +c




4) Find the analytic function f(z) = u+iv such that,
u+v=x3 +3x2y -3xy?2-y2+4x+5 and f(0) = 2+3i.

Solution : —
weknowthat, f(z)=u+i1v

| f(z)=1u-v
L f(2)+1f(z)=u+iv+iu-v
= f(z) @+i)=(u-v)+i(u+v)
F(z) = U+1V
where F(z) = f(z)(1+1i)
U=(Uu-v),V=u+v=x+3Xy-3xy’ -y +4x+5



By Milne-thomson method,
F(z) =Jv (z,0) dz +1[v (z,0) dz

Now, v =3x"+6xy—-3y +4
vV, =3X —6xy—-2y
v (z,0) =3z" + 4
v (z,0) =3z

F(z) =]3z"dz +i[(3z" +4)dz

3Z° .(323 j
= +1 + 47
3 3




 F(@2)=22+1(Z+4) +cC

o @+1) f(2)=2(Q+1) +14z +cC

142 C
=+

A+1) @+1)
14z (1-1) 0
(1+|)(1 )
4z(1+1) e

2
f(z)=2"+2z(L+1)+c. —> (1)

f(z)=2"+

=7+




Given: f(0) =2+3i

put z=01In (1), weget, f(0) =c,

c.=2+3

f(z) =2 +2z(1+i) + (2+3i)

f(z)=(z"+22+2)+i(2z+3)




Suppose two curves c,, C, inthe y c c2

z-plane intersect at z, and the corresponding
curves Y, , Y, in the w-plane intersect at w, by 7 &@k

the transformation w= f(z).

If the angle between the two curves in the z-plane is same as
the angle between the curves in the w-planes both in magnitude and
in direction, then the transformation w = f(z) is said to be conformal

mapping.

A transformation that preserves angles between every pair of
curves through a point both in magnitude and sense of rotation is
said to be conformal at that point.



The transformation which preserves angle between every

pair of curves in magnitude and not in direction(sense) is called an

isogonal transformation.

Theorem:-

If f(z) is analytic and f'(z)# 0 in a region R of the z-plane then

the mapping performed by w=f(z) is conformal at all points of R.



The point at which the mapping w=f(z) is not conformal, i.e.,

f‘(z) = 0is called a critical point of the mapping.

Eg.: Consider w=f(z)=sinz

f'(z) = cosz
— f'(0) =0, when z:iz,ig—”, .........
2 2
(2n-1)7

le., z2= , Where n is an integer,

which are the critical points of the given transformation.



> Translation

Maps of the form z > z + k, where ke C

» Magnification and rotation

Maps of the formz > kz, wherek e C

> Inversion

Maps of the formz > 1/z



1) Find the region of the w-plane into which the rectangular
region in the z-plane bounded by the lines x=0, y=0, x=1, y=2
is mapped under the transformation w=z+2-i.

Solution:- Given: w=z+2-ij

- (u+iv) = (x+iy) + (2-i)
= (x+2) + i (y-1)

Equating real and imaginary parts, weget,

u=x+2panad v =y-1




Given boundary lines are: Transformal boundary lines are:

x=0 u=2
y=0 v=-1
Xx=1 u=3
y=2 v=1
A
y 4 v=1

u=2V =
| 2///3




Let w=az, wherea#0
If a=|a|el® and,z= |z | el ®, then
w=[a] |2] eto+e

The image of z is obtained by rotating the vector z through the angle
a and magnifying or contracting the length of z by the factor |a]|.

Thus the transformation w = a z is referred to as a rotation or
maghnification.



2) Determine the region R of the w plane into which the triangular
region D enclosed by the lines x=0,y =0, x+y = 3 is transformed
under the transformation w = 2z.

Solution:

letw=u+iv; z=x+1y
Given: w=2z2
i.,e., u+iv = 2(x+iy)

e, u=2x ; v=2y and u+v = 2(x+y)





http://2.bp.blogspot.com/-5mYFt6JnJjY/Tpg6yYoimbI/AAAAAAAAC1o/52WFunLGBuI/s1600/cz+2.png

3) Consider the transformation w = e z and determine the
region in the w-plane corresponding to triangle region bounded
by the lines x=0, y=0, x+y=1.

Solution : —
Given:w=e"™ 7z

(U+iv) =e"™ (Xx+iy)

(=[x
|
(%

it

\/Ej (X+iy)

JU%)

2



u="land |v=227 AN
\/E 2 x=0 x+y=1
-y y
when x=0, u= = and v= "~
J2 J2 0] y=0
= y:—\/iuand y= J2 v
J2u =+2v :’
— |U=-V
X X
wheny =0, u=—~= and v=—"F— N\ V=[R2 /
J2 V2 —
1 0
when x+vy=1 =|v="F—
! /2




The region in the z-plane is mapped on to the region
bounded byu=-v, u=v, V=-—F= inthe w-plane.
Y \/E P

The mapping w=ze'”* performs a rotation

of R through an angle = /4.



The Reciprocal Transformation w=1/z

1
The mapping ™ = = s called the reciprocal transformation

and maps the z-plane one-to-one and onto the w-plane except for
the point z=0, which has no image, and the point w=0, which has no
#

. . . . . i
preimage or inverse image. Use the exponential notation w=2E

. T —
in the w-plane. If, Z=1% #0 \wehave v-rc'’-—--—¢









M=

=f
I" rr
[Z)

L

Iy [l
1) =
=i
1)
-1
|
g1}

L










2) Find the images of the finite strips,

1 <y< 1 under the transformation w = 1 .
4 2 7
- . 1
Solution:— Given:w==
Z
1
= 7=
W
: . 1 u—Iv
1L.E., X+IY = — = — 2
Uu+iv U’ +v
—V
X=———and y=——
u’+v u’+v

> 1) )



Glven: 1<y<1
4 2

when yzi egnuation (2) becomes,

1 ~v
4 U +v
= U +V =-4v

= U +V +4v+4-4=0

= U +(v+2) =4

which is a circle whose centre at (0,—2) and
radius is 2 in w— plane.



when y = % equation(2) becomes,

1 ~v
2 U +v
= U 4+V =-2Vv

= U +v +2v+1-1=0

= (U +(v+1) =1

which is a circle whose centre is at (0,—1) and

radius 1s 1.
A Y
\,/=1/2 ~
V="Va [ —
0 > X




Def .: -

The transformation w = az +b ~where a,b,c,d
cz+d

are complex constants and ad —bc = 0 is known
as bilinear transformation.

Note : —
(1) A bilinear transformation is also called

as Mobius transformation or a linear fractional

transformation.

(i1) The inverse mapping of w = G20 IS Z= SWCEED
cz+d cw—a

IS also called as a bilinear transformation.




If the image of a point z under a transformation w=f(z) is
itself, then the point is called a fixed point or an Invariant point
of the transformation.

Thus fixed point of the transformation w=f(z) is given by
z = f(z).

Eg.: Let w=—"_, find the fixed point (or)

Z—2
Invarient point.
Solution:—  put w=1z2
then z=— % = 7°—27=7
Z—2
= 2(z-3)=0

— 72=0,z=3 are two fixed points.



Ifz ,z,,z ,z, arefour points in the z-plane then

. (z-2,)(z-2)). . .
the ratio (2-2,)(2,-2,) IS called the cross ratio of these points.

(z,-2,)(z,-2,)

The cross ratio of four points is invariant under a
bilinear transformation.
e, If w w_,w_,w, are the imagesof z ,z ,z ,z,
respectively undera bilinear transformation then

((Wl -w,) (W, - WJ] . ((21 -2,)(2, - ZJ]

(W, -w,)(w, -w,) (z,-2,)(z,-z,)




Note:-
The bilinear transformation which transforms the points
z,,2, ,23 of z-plane respectively into the points w ,,w, ,w; of

w-plane is given by

((W-Wl)(wz-wg)] - ((2-21)(22-23))

(W,-w,)(w,-w) . (z,-2,)(z,-2)




1) Find the bilinear transformation which maps the points
2=0,-1,-1 into w=1,1,0.
Solution:-

Given:z =0,z =—1, 2 =-1
and w =1, w =1,w =0.
The bilinear transformationion is got by using the relation
(W—w)(w,-w,) (z-2)(z,-2,)
(W —w,)(w,-w) (z,-2)(z,—-2)

)(1-0)_ (z-0)(-i+1)

_ (w- .

T (i-1)(0-w) (0+i)(-1-2)




= (-)(w-1)A+2z)=zA-1)(—w)(1-1)

= —1—-Iwz-1-7 = - 21wz

= —IW+Iwz=1+72

=w(zi—1)=(1+2z)

1+2
= W=-—"—
Zl —1

1+2

(-)(-2)

= (W=




2) Find the bilinear transformation which transforms the points
2 =00,1,0 Into the points w= 0,1, respectively.

Solution : —
Given: z =,z =i,z =0

and w =0, W, =1,W, =o0.

The bilinear transformationion is got by using the relation




mw)w)| 1] @) F-tfez)

W3 Zl

)= ] @12 -2

W, Z

_ (w=0)(0-1) _ (0-1(i-0)

0-1)(1-0) (z-0)(0-1)
_cw) ()
=) (-2)

-1

7

= (W




3) Find the bilinear transformation which maps the points,
i) 1,-i,2 onto O, 2, i respectively.
ii) -i,0,i into -1, i, 1 respectively.
iii)0, 1,%° into i, -1, -i respectively.
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