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CLASSIFICATION OF SECOND ORDER
PARTIAL DIFFERENTIAL EQUATION

et a second order partial differential equation in the function u of
the two independent variables X,y of the form

A(X, y)82u +B(x,Y) @Zgym(x, y)%zgﬁ(x,y,u,g_‘;'(,%):o ............... (1)

The equation (1) is classified as elliptic , parabolic or hyperbolic at
the points of a given region R depending on whether

B2—4ACislesst hanZero....... (ellipticequation)
B2—4ACisequal toZero.......(Parabolicequation)
B2—4ACisgreaterthanZero.......(hyperbolicequation)



Examples:

Elliptic type:

02U, 02u—_q

ox2 oy2

Parabolictype:

Onedimensi onalheatflowequation:
@XZ ot

Hyperbolictype:

Onedimensi onalwaveequation
@:a@

ox2 o2

Poissonseq uation

(92U _|_82U —f(x




Classify the following equations:

X2fXX+(1—y2)fyy:0for—1<y<1,—1<x<1

A=x2B=0C=1-y2

B2-4AC=—-4x2(1-y2)=4x2(y2-1) x2isalways+vein—a<X<a
In-1<y<1,y2-lisnegative..B2—4AC=—ve. ltiselliptic
Ifx=0,B2—4AC=0,theequationisparabolic,wheny >1
y<—1thenB2—4AC>0thentheeq uationishy perbolic.

Exercise:
1.foX+yfyy:Ox>O,y>0

2f s —2f 3y =0x>0,y >0



Difference Quotient

A difference quotient is the quotient obtained by dividing the
differences between two values of a function by the difference
between the two corresponding values of the independent
variable. Thus for a function f(x) of a single variable X, the
difference quotientis TX+N)=T(X) whose limiting value is
the derivative of f(x) with repect to x. th—>0fx-) =100 _f
(.e)

Thus a difference quotient is an approximation to the
derivative.

Partial difference quotients of the second order is constructed
with reference to a networkof points in the XY-plane be
divided into a network or lattice of rectangles, by drawing two
families of parallel lines at x=ih, y=jk,1,}=0,1,2,....




I N 72T I

(x,y+k)

(X+hly) (X'h,Y) (le) (X+h,y)
(le-k)
(Xry_Zk)

Fig (1)

The points of intersection of these families of lines are
called lattice points.



From the fig, the forward first diff quotient of u(x,y) w.r.t X is

ux_u(x+h Y)=UY) (1)( forwarddifference)

and the backward first difference quotient of u(x,y) w.r.t X is

ux—”(x ) “(X NY) o (2)(Backwarddifference)

We can also have

uX—“(XJrh Y) hU(X NY) o (2a)



The second difference quotient of u(x,y) w.r.t x is the difference
quotient of the first difference quotients (1) and (2)
Hence we have

o U2 U (3

Similarly the first and the second difference quotients of u(x,y)
w.r.t y are found exactly in the same manner and

_ u(x,y+k)—-u(x,y)

u y e ( forwarddifference)............. (4)

u y = ux,y) - E(X’ y=K) (Backwarddifference).............
_u(x,y+k)—u(x,y—k)

u y S e (5a)



= YH2ul Yo yH) ©)

The above difference quotients can also be written In
anotherway by drawing two sets of parallel lines x=ih and y=jk,
1,)=0,1,2,.... Aa shown by taking h=k=1.

The point (1,)) is called the grid point and is surrounded by
the neighboring grid pts as shown in the fig(2)



(i-1,j+1) (1,j+1) (i+1,j+1)

K=1 (i-1,j-1) (1,j-1) (i+1,j-1)

h=1




We have

u(x.y)=u(ih, jk)=y; ;
u(x+h,y)=u(ih+h, jk) u.
u(x—h,y)=u(ith—h, jk)= u.
u(x,y+k)=u@h, jk+k)= u

1+1, |
—1k
1, J+1

u(x,y—k)=u(h, jk —k)= u. i1 andsoon



Using these notations the equations (1),(2),(2a),(3),(4)
(5),(6) can be written as

Y+, -
Uy = s *J (forwarddifference)........... (7)
G, i i
Uy = . (Backwarddifference)........... (S))
Uy = I+1) JZh =L (8a)
U. - ,—U- -
uy=_tJt LI forwarddifference)........... (9)
y: i, J+12k L, 1-L(backwarddifference).......... (10)
_ Yi L Y , -1
Uy 2k2 ........... (10a)
U. .+uU. , .
Uy = i1 hléj S i 1)
u 2U. -+U




Solution of elliptic equations 5~
The laplace equation in two dimensions g U404 -0

This equation can also be written as

Let us solve this diff eqn at the interior points of the given
region R with the given values of u at the boundary R, For we
convert egn (1) into a diff egn

We know that

U. ., -—2U. -+U. , .
UXX= I_l’ J hI2,J I+1’ J ........... (2)

U . .—2U. -+U. . .

_ 1,11 ] T1+L
Uyy= J % b 3)

sub(2)and (3)in(})



. . . —2U. :+U. : . . . —2U. - +U. :
ul—l,] ul, J +ul—|—1,j _|_ul, J—1 ul, J +ul—|—1,j 0. (4)
h2 K2
If we consider a square mesh with h=k=1, then eqn (4) becomes
U Lj_4ui,j+ui+Lj+ui j_1+ui j+1=Oor

1y
Ui 3 4[ 1Y Y 1Y 1} ....... (5)
This formula is called the standard five point formula. This
formula can be exhibted in the figure(1)
We can also use the formula
1y =
Y Y e
Which is called diagonal five point formula exhibted in the
figure (2)



Ui, j+1

O
Ui § O O“i+1j

O“i, j-1

Standard five point formula



ui—lj+1O Ou”l”l

O“i+1 j-1
111-4@)

Diagonal five point formula



Solution of Laplace equation

Let us consider the procsss of solving the laplace equation in
two variables namely: 2 g+523 =0 with the given boundary
conditions. For simplic%/ w@yassume that the function u(x,y)
IS required over a rectangular area. We therefore divide the
area with a network of squares of side h

The boundary values of the desired function are given and we
denote them by 8858380, as indicated in the figure.
The values of the required function at the interior lattice

points namely &,85,8a,......,8n, are unknown.

“5:%1[6‘15+a3+a7+a1ﬂ



After finding Yg we can find the initial values at the
centres of the four larger inner squares by taking the
means of the values at the ends of the diagonals
passing through them.






e

=73 a3 +Us+a g

3:% u5+a3+a5+a7}

7= 485+ U5+ay 1+

0=7 UsTa7+39+3, 3

After finding Y2Y4Y% s we can find the initial
values for UYpUplgls  as given below

_1

== u1+a3+u3+u5J
1
% 315+ul+u5+u7}

_1
7 Ug+HUgy+as +Uu ]
1
4

5 "3 77 79
u7+u5+u9+all]




After finding all u’s we can improve their
values by using an iteration formula given by

u (n+1) 1 (N+1) +-u.

(n)

(M-+u I

(N+1) +-u.

—1,] l, J+1 1+], |

Which 1s called the liecbmann’s 1teration process



Example

Find by Liebmann’s Method the values at the interior lattice
points of a square plate of the harmonic function u whose
boundary values are given in the figure.

0 1 4 9 16
0 15
0 14
0 13

12

23



Solution

Using cross averaging and diagonal averaging, the

successive iterations yield the following values:

Uy

Uz

Us

U

Us

Ug

u-

Usg

2.5000

5.625

10.000

3.1250

6.0000

9.8750

3.0000

6.1250

9.5000

2.4375

5.6094

9.8711

2.8594

6.1172

9.8721

2.9948

6.1530

9.5063

2.3672

5.5888

9.8652

2.8698

6.1209

9.8731

3.0057

6.1582

9.5078

2.3647

5.5877

9.8652

2.8728

6.1230

9.8740

3.0078

6.1597

9.5084

2.3651

5.5883

9.8656

2.8740

6.1240

9.8745

3.0084

6.1602

9.5087

24




Poisson’s equation
The partial differential equation of the form

225+%25 FY) (1)

Is called the poisson’s equation where F(x,y) 1s a
given function of x and y.

Replacing the derivatives in eq (1) by the difference
expressions at the points x=ih and y=jk (here

I=k)we get . .2 )
J=k)we g g, 2% U, A, Ui 972 7Y —
h2 h2

_ —h2
ui—lj+ui+],j+ui,j—1 i+l 4u i =hzF(ih, jh).....(2)

By applying (2) at each mesh point, we will get a
system of linear equations in the pivotal values 1,



Solve the Poisson’s equation V2u=8x2y2 for the square
mesh of the given figure with u(x,y)=0 on the boundary
and mesh length=1

=0 =0 u=0
u=0 ﬁl HZ u=0
u=0 u=0
) U, Uy U, =
= ly Uy ly
u=0 u=0
u=0 u=0 u=0 u=0 u=0



Solution:
Given h=1, From the standard five point formula we get

_4y. .=8i2j2
ui—lj+ui+lj+ui,j—1+ui,j+1 4u|’ j i) 1)

Now for the point (where i=1, j=-1), the equation (1)
gives 0-+u,,+0-+u,,—4u, =8

2
u2—2u1:4 ................ (2)
for the point Y> (where 1=1, j=0), the equation (1) gives
D (3)
2ul+u3—432:0
3

for the point  (where 1=0, j=0), the equation (1) gives
u2+u2+u2+u2—4u3:0

u2—u3:0 .......... (4)



The above equations (2),(3),(4) can be written as

2u1—u2:—4 ............. (5)
2u1—4u2+u3=0 .......... (6)
u2—u3:0 .................... (7)

From (7) we get Up =l

Substituting (8) in (6) we get

2ul—3u2:0 ............. 9
From (5) 2L11—U2=—4 ............. (10)
Solving (9) and (10)
u_, = —2
=3
U = —2
.'.u1=—3
u2:—2
u3——2



Bender — Schmidt Method

Consider the equation u,, = au, with boundary
conditions

u(0,t) =T,andu(1,t) =T,

The initial condition is u (x, 0) = f(x). Let h be
the spacing

for x and k be the spacing for t.

Using finite difference approximation for
derivatives,

and applying boundary conditions and
considering the

special case A = K-y , we get

h4a



Bender — Schmidt Method
Ujj+1 = 72 (Ui-l,j t ui+1,j)

This formula means that the value of u at x = x; and
t = 1,4 Is the arithmetic mean of the values of u at the

surrounding points x; ; and X;,, at the previous time t;

B O O OC

Uig Ui j Uisq

i j+1

A O
Value at A =% (Value at B + Value at C)



. 02f _of
Given 2~ at f(0,t)=Ff(5,1)=0,f(x,0)= x2(25-x2)

find f in the range taking h=1 and upto 5 seconds

Solution: k=%h2
To use schimdth method ,

Here a=1, h=1 hence k=1/2

Step size of time =1/2

Step size of x=1

F(0,0)=0,f(1,0)=24, 1(2,0)=84, 1(3,0)=144,f(4,0)=144,
f(5,0)=0

We have i
i j+1:?{ui—l i i j}



d

I-direction

— x direction

= 1 s 3 4
0 0 24 84 144 144
L5 0 42 84 114 70,
1 0 42 78 78 57
1:5 0 39 60 67-5 39
2 0 30 iyl 49-5 3375
25 0 26-625 BULTS 43.5 2475
2 0 19.875 35-0625 32-25 2175
it 0 17:5312 260625  28-4062 16-125
4 0 TR B 2.9687  21-0938 14-2031
4-5 0 11-4843 17-0625 18-5859 10-5469
5 0 8-5312 15-0351 13-8047 9.2929

(1
il
0
L
()
i
0
i
i



Example

Find the value of the function u (x,t) satisfying

the equation  gu—_402u
ot ox2

The boundary conditions are u (0,t)=0=u (8, t)

and the initial condition is u(x,O)=4x—%x2

at the pointsx =i,i=0, 1, 2,3,4and t=(1/8)j,
ij=0,1,2 3, 4,5



Solution

Givena=:h=1, A= =
a? M h2a
h<a
then k = ¢.
8
NJ |0 1 2 3 4 5 6 7
0 |0 35 6 75 8 75 6 3.5
110 \3 55 7 75 7 55 3
p.
2 o |\275/] 5 6.5 7 6.5 5 2.75
3 o] 25 | 4625 6 6.5 6 4625 | 2.5
4 | 0| 23125 | 425 | 55525 6 5.5625 | 4.25 |2.125
5 | 0| 2125 | 3.9875 | 5.125 | 55625 | 5.125 | 3.9875 | 2.125




Crank- Nicholson difference scheme for solving
Parabolic equations

Let Yo=Y pe the given parabolic equation
to be solved with the boundary conditionsu(O,t):TO andu(Lt)=T,
and the initial conditionu(x,0)=f(x)
We know that the Boint Ui j thefinite difference
approximation for XX s u. , .—2u. .+U. , .
= H‘:LJ I!J I_:LJ (2)
XX g

At the pointu 41 the finite difference

approximation foruyy Is
U=l 11 j+1_2ui, 1Y g 3

Taking the average of (2) and (3)



O T e 0 1 P B Y e =
y el ] T

We know that the forward difference approximation foru;
IS
| +1
U= ) ]
Sub (4) and (5) in (1) we get
2U. - +U.

Uit 412, Y o Y 2 Y
2h2

u. . .—U. .
_a L+ L]
i —

k _ 2y .
m{“iﬂ, T B RN T N e WA By

=UI J+1—U J ............ (6)

Putting in-K_ =4 in (6) we get
gin_o5_ (6) we g



Uit 1™, Y ol 2 Y

=i, j117Y

/IUI+LJ+1 L j+l+%u'—lj+1_ui J+1

:_%ui+],]+/w _/1“ _LJ_UI j+/1ul+l,j+l (/1+1)u| J+1+/1u —1,J+1
=S DY, J_%” 1]

’1(U|+lj+1 |LJ+1) (2A+2)y ; j+ == _/I(ui+lj+ui—lj)

Which is the crank —nicholson formula



Example 2'

Solve U= subject to the conditions
u(x,0)=0, u(%é) =0 and u(1,t)=t. Compute u for t=
1/8 in two steps using crank- nicholson formula

Solution:

The given equation can be written as Uyy=U ............. (1)
Here a= 1 Take h =%, k =1/ 16

1
a k _16_>
h2a 1
16
A=1

The crank nicholson scheme corresponding to =1
IS
ui+1j+1_4ui,j+1+ui—],j+1:_ui+],j ui—lj .............. (2)



- DR s
y u, Le

U=0 u=1/16
_ u=0
u=0 u=0

Applying (2) at the mesh points YpUs:lg we get

Uy =AU +0=0........... 3
u3—4u2+ul:0 ............. (4)
14y +u,=0............ (5



Solving (3), (4) and (5) we get
ul=0.001116

u2:0.004464

u3:0.01674

Applying (2) at the mesh pointsUgUsls  we get

U —4u,+0=—0.004464........(6)

u6—4u5+u4:0.01674—0.001116 ....... (7)

1_ __1_
1 -4ug+ug=—L-0.004464........®)

Solving (6) ,(7),(8) we get

u 420.005899

u5:O.019132

u6:O.O52771



Solution of hyperbolic equations
The well known hyperbolic e%uatloréls one dimensional wave
equatlon and is given by 220 U =(0This equation can also

&(rltten as ox2 ot
AUy utlt_ ........ (D) .
Let us solve (1) with the boundary conditions
u(0,t)=0.......... (2)
u(l,t) =0......... (3)

And the initial conditions u(x,0) =f(x) .....(4)
U (%,0).......0)

To solve (1) we have to replace the differential
coefficient in (1) by its difference quotients

We know that

u. , .—2U +u

Uyy =111 h'ZJ L (6)
U. . ,—2U. -+U.

utt: l, ]+l L] i -1 (7)



Substituting (6),(7) in (1) we get

U2l Y

S B e B |0
%

h2

_ h2
Ui %Y Y kzaz{ 12
Putting k/h=4 in (8) we get

292 _ _ _
Ada (ui+1,j 2U. j+u'—1,j} ui i+ 2U. j+ui,j—1

232U .
=\4a { i+ ] 2uI J+u _1’J}+2u

:2{1—k2a2}ui’j+k2a2{

Ij+1 ij Ij—l

9)

i,j+1 ny ui—l,jJ_ui,j—l .............. (

This scheme is called an explicit scheme for the
solution of the wave equation



Solve numerically Wyy =t  with the boundary
conditions u(0,t)= 0, u(4,t)= 0 and the initial
conditions % *0| and u(x,0)= x(4-x), taking
h=1 for 4 time steps

Solution:

Since a2=4,h=1k= :% RO )
Taking k=1/2 we use the formula



From u(0,t)= 0 implies u along x=0 are all zero
From u(4,t)= 0 implies u along x = 4 are all zero
u(x,0)= x(4-x) implies that
u(0,0)=0, u(1,0)=3, u(2,0)=4, u(3,0)=3
Now, we fill up the row t=0 using the above values

U. +U.
ut(x,O):O:>ui,1: '+1’02 =10 . (3)

Now we draw the table for that we require



Period is 4 seconds or 8(k) =

Ug,1 > 2
Us 4 — U3,0ﬁ2”U1,o _ 3;3 _ 3
Uz 1= U4,OZU2,0 =<
Uy 1=0
tX 0 1 2 3 4
0 0 3 4 3 0
05 0 2 3 2 0 8(1/2)=4sec
1 0 0 O O O
15 0 -2 -3 -2 O
2 0 -3 -4 -3 0
25 0 -2 -3 -2 0
3 0 0 0 O O
35 0 2 3 2 0
4 0 3 4 3 O



Example

Tabulate the pivotal values for

the equation
1602U —02u
Ox2 ot
Given that
u,t)=0,u(5,t)=0,u(x,0)=
X2 (5—=x)and u, (x,0)=0

Assume h = 1.



Solution

J- 'l o | 1 | 2| 3] 4
0 | 0| 4|12 |18 16
1 0\\ 6‘) ,/11 14 9
2 | o [%7¥| 8 | 2 | =
3 |o| 2 | 2|87
4 | o | 9 |-14]|-11] -6
5 | 0| -16 | -18 | -12 | -4
6 | 0| -9 |-14|-11] -6
7 lol| 2| 2|87
8 |o| 7 |8 2]|-2
o | o | 6 | 11|14 9

10| 0| 4 |12]18] 16

Uiiv1 = Uiq,

J

+ Uyg j— Ui g



